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Molecular motorotary nanomotor in which the central γ subunit rotates inside the cavity made of
α3β3 subunits. The experiments showed that the rotation proceeds in steps of 120° and each 120° step
consists of 80° and 40° substeps. Here the Author proposes a stochastic wave mechanics of the F1-ATPase
motor and combines it with the structure-based kinetics of the F1-ATPase to form a chemomechanic coupled
model. The model can reproduce quantitatively and explain the experimental observations about the F1
motor. Using the model, several rate-limited situations about γ subunit rotation are proposed, the effects of
the friction and the load on the substeps are investigated and the chemomechanic coupled time during ATP
hydrolysis cycle is determined.
© 2008 Elsevier B.V. All rights reserved.1. Introduction
The ATP synthase consists of two opposing rotary motors F0 and F1
connected to a common shaft. The F1 motor consists of a hexamer of α
and β subunits with stoichiometry α3β3 surrounding a central cavity
containing the γ subunit which is a bent coiled coil. The largest
portion of F0 comprises 12 c subunits. These 12 subunits are assembled
into a transmembrane disk. The F1 motor is fueled by nucleotide
hydrolysis and drives the γ shaft clockwise (viewed from F1 toward
the membrane), whereas the F0 motor is fueled by the ion-motive
force and drives the γ shaft counterclockwise [1–4].
When the F1 motor is not coupled to the F0 motor, it can work in
the direction hydrolyzing ATP, as a nanomotor called F1-ATPase.
Rotation of the γ subunit in an isolated F1 during ATP hydrolysis has
been demonstrated experimentally [5–9].
To understand the mechanism of the F1-ATPase motor, several
insightful models have been proposed [10–15]. The models can be
classiﬁed into chemical reaction kinetic models, mechanical dynami-
cal models and chemomechanical coupled models. However, many
questions are still open concerning the coupling between chemistry
and mechanics in the motor.
In this paper, the Author proposed a novel chemomechanical
coupled model of F1-ATPase motor by combining chemical reaction
kinetics with its stochastic wave mechanics. In the model, the rotation
of the γ subunit is divided into three steps: mechanical step, chemical
step and chemomechanical coupled step. The times for mechanicalll rights reserved.steps or chemical steps can be resolved, respectively, and the time for
the coupled step can also be calculated easily. The Author constructed
the model in three steps.
(1) The γ subunit is considered as an elastic continuous body [16–
18] vibrating stochastically under thermal excitation due to environ-
ment and the stochastic wave mechanics of F1-ATPase is proposed. (2)
The structure-based kineticmodel for F1-ATPase is used and extended.
The mechanical steps during ATP hydrolysis are considered. (3) The
stochastic wave mechanics of F1-ATPase is combined with its
structure-based kinetics.
Using the model, the experimental observations about the F1-
ATPase are reproduced quantitatively and explained. Several other
problems are also investigated: (1) several rate-limited situations. (2)
load torque dependence of the rotation rate. (3) effects of the friction
and the load on the substeps. (4) chemomechanic coupling during
rotation.
2. The stochastic wave mechanics of f1-ATPase
2.1. Several basic concepts
2.1.1. Periodic distributing potential wells
The 360° rotation cycle of the γ subunit includes three repeated
120° rotation stepswhich are further resolved into two substeps of 30°
and 90° (Yasuda et al., 2001) [8,9]. The 30° and 90° substeps were
recently revised to be 40° and 80° substeps [23]. The Author proposed:
between subunits γ and α3β3, six potential wells exist; the potential
wells are caused by electrostatic interaction between β and γ subunits
[19]; the six potential wells periodically distribute around the central
γ shaft which correspond to 80°, 120°, 200°, 240°, 320° and 360°,
respectively.
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ATP binding causes elastic strain at the catalytic site (Oster et al.,
1999 ) [20]. The elastic strain potential is called driving potential. The
driving potential can be considered to be a linear function of the
rotational angle of the γ shaft (Panke et al., 2001) [21].
2.1.3. Load torque and friction torque
For F1 motor, the load torque can be caused by the proton current
passing through the membrane embedded F0 motor, or by electrical
magnets driving a magnetic bead attached to the γ shaft. Besides this,
it can also be the torque from a laser trap.
The friction torque is caused by friction due to the viscosity of the
water inwhich the bead or the ﬁlament attached to the γ shaft moves.
The friction torque is a special load dependent on the rotation rate of
the γ shaft.2.1.4. Thermal excitation
The characteristic length scales of the F1-ATPase are about 10 nm
and its motion should be stochastic phenomena. This stochastic
behavior is well observed in the rotation angle of the γ shaft which
undergoes small ﬂuctuations due to the random collisions with
solvent molecules (Yasuda et al., 2001) [8]. The random collisions can
induce a random torque. It can be taken as a Gaussianwhite noise. The
quantummechanical calculation is useful for thematerial wavewhose
size is normally smaller than 1 nm such as electron and proton, etc.
Here, the wave of F1-ATPase is stochastic phenomena. Hence, the
motion about the F1-ATPase should be explained by stochastic wave
theory.
2.2. The stochastic wave mechanics of F1-ATPase
The Author proposes the stochastic wave mechanics of F1-ATPase
as below.
(1) That the coiled coil is ﬂexible has been suggested from a
comparison of X-ray structures. A normal mode analysis
indicates that the lowest modes of the γ subunit involve a
twisting/untwisting of the coiled coil (Menz et al., 2001) [21].
Hence, the γ subunit can be considered as an elastic shaft
vibrating stochastically under thermal excitation due to
environment. The stochastic twisting vibration occurs within
potential well.
(2) When driving torque applied to γ subunit is larger than load
torque, the average angle position of the γ shaft wave will shift
anticlockwise. Thus, the escape probability of the γ shaft from
the potential well anticlockwise will be larger. The γ shaft may
rotate anticlockwise.
(3) When driving torque is equal to load torque, the average angle
position of the γ shaft wave is at the center of the potential
well. The escape probability of the γ shaft clockwise is equal to
one anticlockwise. Its average rotation rate is zero.
(4) When one ATP binds to one β subunit, the β subunit drives the
γ shaft to rotate anticlockwise. As the shaft rotates 120°(two
potential wells) and gets to next catalytic site, the ATP is
hydrolyzed into ADP and Pi which will be released through next
120° rotation and the elastic strain potential will vanish.
Meanwhile, another ATP binds to next β subunit, the elastic
strain potential is formed and the rotation is continued. The
elastic strain potential within the β subunits forms and
vanishes periodically. It causes escape of the γ shaft from one
potential well to another.
(5) The jumping time of the γ shaft from one potential well to
another is so short that its rotation looks stepwise. If large
friction torque is applied to the γ shaft, the jumping time will
be prolonged and steps of the rotation will be smoothed out.3. The basic mechanic equations
The motion of the F1-ATPase is stochastic phenomena and should
be explained by stochastic wave theory. The stochastic wave is
described by Langevin-type equation usually [14,15]. Here, the F1
motor is considered as a particle (rigid mass) and its structure and
elastic deformation are ignored. Normal modes analysis can investi-
gate the stochasticwave of the F1motor at the atomic level. Themotion
of each atom and the conformational change of the F1 motor can be
obtained [27]. However, the simulation can only be completed by
large-scale special program. The analytic equations of the mode and
natural frequency for the motor cannot be presented. It is difﬁcult to
combine the method with the chemical kinetics.
Based on investigating stochastic wave of the particle, stochastic
methods in structural dynamics have been developed [28–31]. Here,
the structure and elastic deformation are considered and the analytic
equations of the mode and natural frequency for the structure can be
obtained as well. The theory is used to analyze vibration or wave of the
macroscopic structure under stochastic excitation usually. In this
paper, The Author combines itwith chemical kinetics to investigate the
motion of the F1 motor. Here, the γ subunit is considered as an elastic
shaft and the γ protrusion is considered as the second moment.
3.1. The motion balance equations
The motion balance equation of the γ shaft rotation can be
described by
τdrive−τload þ τfriction1 þ τelastic1 ¼ 0 ð1Þ
where τdrive is driving torque applied to γ subunit which equals
derivative of the driving potential with respect to the γ subunit
rotation angle, τdrive=3Δµe/2π (here Δμe is an amount of work
hydrolyzing one ATP). It is a chemomechanic coupled term represent-
ing inﬂuence of the chemical energy on mechanical motion. τload is
load torque applied to γ subunit. τfriction1 is frictional torque, it
represents viscous torque on the actin ﬁlament or the bead attached to
the γ subunit, τfriction1 ¼ − dθdt ζ (here, θ is the rotating angle of the
γ subunit, ζ is the friction coefﬁcient between the actin ﬁlament or
the bead and the water, t is the time). τelastic1 is elastic torque applied
to γ subunit, it is caused by shift of the γ subunit within potential well
and is decided by the shift amount and the stiffness of the potential
well, τelastic1=−kθend (here k is the stiffness of the potential well, θend
is the shift amount of the partial γ subunit within the potential well).
In Eq. (1), the elastic torque τelastic1 only occurs within potential
well and the frictional torque τfriction1 only occurs during γ subunit
rotation from one potential well to another. Thus, Eq. (1) can be
changed into two equations as below
τdrive−τload−kθend ¼ 0 withinpotentialwellð Þ ð2 aÞ
τdrive−τload−
dθ
dt
ζ ¼ 0 outsidepotentialwellð Þ ð2 bÞ
In Eq. (2-a), θend is the shift amount of theγ subunitwithin thepotential
well; when driving torque, load torque and the stiffness of the potential
well are given, the shift amount θend can be obtained. In Eq. (2-b), dθ/dt is
the rotating speed of the γ subunit; from the speed, the time of the γ
subunit from one potential well to another can be obtained.
3.2. The dynamic stochastic wave equation
The stochastic twisting wave of the elastic γ shaft can be described
by its dynamic equation
τfriction2 þ τelastic2 þ τfluct ¼ 0 ð3Þ
where τfriction2 is the viscous torque on the γ subunit, τfriction2 ¼dθwave x;tð Þ
dt ζ1 (here, θwave(x,t)) is the dynamic twisting angle displacement
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friction coefﬁcient between the γ subunit and α3β3 hexagon (or via
the water with hexagon). Because the radius of the γ subunit is much
smaller than sizes of the actin ﬁlament or the bead attached to it, the
friction coefﬁcient ζ1 is much smaller than ζ. Hence, it is not
considered in the torque balance equation (1). However, the friction
between the γ subunit and α3β3 hexagon occurs along the full length
of the γ subunit and it will inﬂuence the stochastic wave of the γ
subunit as an elastic continuous body. τelastic2 is the elastic torque
applied to γ subunit, it is caused by elastic deformation of the γ
subunit and is decided by the elastic modulus of the γ subunit and its
twisting wave deformation, τelastic2 ¼ a2 @
2θwave x;tð Þ
@x2 (here, a ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G=ρ
p
, G
is shear modulus of elasticity, ρ is density of the protein). It occurs
along the full length of the γ subunit as well and is the function of the
position coordinate and time.
τﬂuct is ﬂuctuating torque caused by small ﬂuctuations due to the
random collisions with solvent molecules. The ﬂuctuating torque is
taken as a Gaussian white noise related to friction coefﬁcient ζ2
according to ﬂuctuation–dissipation theorem:
hτfluct tð Þi ¼ 0 ð4Þ
hτfluct tð Þτfluct t0ð Þi ¼ 2kBTζ2δ t−t0ð Þ ð5Þ
where ζ2 is friction coefﬁcient between the γ protrusion and the
water, kB is the Boltzmann constant, T is the temperature. The
ﬂuctuating torque is considered to be caused by the random collisions
to the γ protrusion with solvent molecules. The ﬂuctuation caused by
the random collisions to the actin ﬁlament or the bead attached to the
γ subunit is not considered because the actin ﬁlament or the bead is
attached to the γ subunit through a medial ﬂexible unit which
absorbed most of the ﬂuctuating energy and the inﬂuence of the
ﬂuctuations on the twisting wave of the γ subunit is quite small. The
medial ﬂexible unit is attached to the γ protrusion and has no
inﬂuence on the stiffness of the potential well.Fig. 1. Stereo views of an electron density map of the F1 and its dynamic model (a) Stereo vie
the F1 motor (c) Dynamic wave model of the γ subunit.Substituting related torques into (3), the stochastic wave equation
of the elastic γ shaft can be given as
@2θwave x; tð Þ
@t2
þ ζ1
@θwave x; tð Þ
@t
−a2
@2θwave x; tð Þ
@x2
¼ τfluct ð6Þ
From Eq. (6), the stochastic wave parameters of the γ shaft can be
obtained.
4. The solution of the stochastic wave equation
4.1. Natural frequencies and mode functions
Neglecting damp term and exciting torque, Letting θwave(x,t)=ϕ(x)
q(t), and then substituting it into Eq. (6), yields
ϕW xð Þ þ ω
a
 2
ϕ xð Þ ¼ 0 ð7Þ
where ϕ(x) is the mode function of the γ shaft wave.
The solution of Eq. (7) can be written as
ϕ xð Þ ¼ C1 sinωa xþ C2 cos
ω
a
x ð8Þ
Fig.1(a) shows stereo views of an electron densitymap of the F1–c10
complex at 3.9 resolution (Stock et al.,1999) [20]. Fig.1(b) is the sketch
of the F1 motor. From the ﬁgures, it is known that the γ subunit can be
considered as an elastic shaft and the γ protrusion at one end of the γ
subunit is considered as the second moment (J denotes the second
moment). As above stated, the other end of the γ subunit is ﬁxed
within the potential well. Let origin of the x axis at the center of the
potential well, l is the distance from the origin to the center of the
secondmoment. Thus, the dynamical wavemodel of the γ subunit can
be given as shown in Fig. 1(c) (here, k is stiffness of the potential well).ws of an electron density map of the F1–c10 complex at 3.9 resolution [22] (b) Sketch of
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GIϕ0 0ð Þ ¼ kϕ 0ð Þ ð9 aÞ
GIϕ0 lð Þ ¼ Jω2ϕ lð Þ ð9 bÞ
Substituting Eq. (8) into (9), yields
tg
ω
a
l ¼ GIω
a
k−Jω2
GI ωa
 2þkJω2 ð10Þ
where I is section modular of theγ subunit.
From Eq. (10), the natural frequency of the γ subunit wave can be
obtained. Substituting the natural frequency into Eq. (8), the mode
function can be given
ϕ i xð Þ ¼
k
GI
a
ωi
sin
ωi
a
xþ cosωi
a
x i ¼ 1;2; N ; nð Þ ð11Þ
where ωi is ith order natural frequency of the γ subunit wave, ϕi(x) is
ith order mode function.
4.2. Stochastic response of the elastic γ shaft to thermal excitation
After mode functions are obtained, the stochastic response of the
elastic γ shaft to thermal excitation can be resolved. The solution of
Eq. (6) can be taken as following form
θwave x; tð Þ ¼ ∑∞i¼1ϕi xð Þqi tð Þ ð12Þ
Substituting Eq. (12) into (6), and using the orthogonality of the
mode function, yields
::
qi tð Þ þ 2ξiωi
:
qi tð Þ þω2i qi tð Þ ¼ Qi tð Þ i ¼ 1;2; N ; nð Þ ð13Þ
where qi(t) is generalized coordinate of the γ subunit wave, Qi(t) is
generalized force, ξi is relative damp coefﬁcient.
The generalized force is
Qi tð Þ ¼ ∫ l0ϕi xð Þτflunct x; tð Þdx ð14Þ
As the thermal excitation applied to the γ protrusion has the most
important inﬂuence on the stochastic wave of the γ subunit, the
ﬂuctuating torque can be written as
τflunct x; tð Þ ¼ τflunct tð Þδ x−lð Þ ð15Þ
Substituting Eq. (15) into (14), yields
Qi tð Þ ¼ ϕ i lð Þτflunct tð Þ ð16Þ
From Eqs. (16) and (5), power spectrum density of the generalized
exciting force can be given as
SQiQj ωð Þ ¼ 2kBTζ2ϕ i lð Þϕ j lð Þ ð17Þ
Thus, RMS value of the γ subunit wave at any point xp can be given
as
E θ2wave xp; t
 h i
¼ 1
2π
∑
k¼1
∞
∑
j¼1
∞
2kBTζ2ϕk xp
 
ϕj xp
 
ϕk lð Þϕj lð Þ∫þ∞−∞ Hk ωð ÞHj ωð Þdω ð18Þ
where Hi(ω) is complex frequency response function between the
thermal excitation and twisting wave of the γ subunit.Usually, the difference between ωj and ωk is large, and the cross
term in above integration can be neglected. Thus, Eq. (18) can be
changed into following form
E θ2wave xp; t
 h i ¼ 1
2π
∑
j¼1
∞
2kBTζ2ϕ2j xp
 
ϕ2j lð Þ∫þ∞−∞ jHj ωð Þj2dω ð19Þ
FromEq. (6), the complex frequency response function canbededuced
Hj ωð Þ ¼ 1ω2j −ω2 þ 2iωωj
ð20Þ
Substituting Eq. (20) into (19), yields
E θ2wave xp; t
 h i ¼ kBTζ2
2
∑
j¼1
∞
ϕ2j xp
 
ϕ2j lð Þ
1
ξjω3j
ð21Þ
The rotating rate of the γ subunit is mainly decided by the wave of
the partial subunit within potential well. The position of the potential
wells is at its one end (x=0). Hence, the RMS value of the γ subunit
wave at point x=0 is
E θ2wave 0; tð Þ
h i
¼ kBTζ2
2
∑
j¼1
∞
ϕ2j 0ð Þϕ2j lð Þ
1
ξjω3j
ð22Þ
In Eq. (22), thewave amplitude of the lowestmode of theγ subunit is
themaximum. The lowestmodewaveplaysmain role for escape of theγ
subunit from the potentialwell. Letσθ denote root-mean-square error of
the wave for the γ subunit at its one end (within potential well, x=0),
and the root-mean-square error can be calculated from Eq. (22) easily.
5. The times of the mechanical steps
An important factor of the γ subunit escape from the potential well
is its average angle position shift at x=0. It can be calculated from Eq.
(2-a) as below
θend ¼
τdrive−τload
k
ð23Þ
If the width of a potential well is α, the probability of the γ subunit
escape from the potential well can be calculated as
Pα ¼ ∫
α=2
∞
p θð Þdθ− ∫
−∞
−α=2
p θð Þdθ ð24Þ
where Pα is escape probability of the γ subunit, p(θ) is probability
density function of the γ subunit wave, p θð Þ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2πσθ
p e
−
θ−θendð Þ2
2σ2
θ .
The escape probability Pα means that among the 1/Pα times
oscillation of the γ subunit within a potential well, only one time
oscillation causes probable escape from the potential well on an
average. From above analysis, it is known that the γ subunit waves
mainly in the lowest natural frequency ω1. Before escape, the
oscillation time tα of the γ subunit within the potential well is
tα ¼ Tp=Pα ð25Þ
where Tp is the periodic time of the γ subunit oscillation within
potential well, Tp=2π/ω1.
As above stated, a 120° rotation has been resolved into two
substeps of approximately 40° and 80° which correspond to two
potential wells. Thus, the total ﬂuctuating time tﬂuct for 120° rotation
of the γ subunit is
tfluct ¼ tfluct40° þ tfluct80° ¼ T 1=P40° þ 1=P80°
  ð26Þ
Let β denote the angle distance between the two potential wells,
from Eq. (2-b), the jumping time from one well to another can be
Fig. 2. Rotation rate as a function of ATP concentration.
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tβ ¼ βξτdrive−τload
ð27Þ
Thus, the total rotating time trotat for 120° rotation of the γ subunit
is
trotat ¼ trotat40° þ trotat80° ¼
2π
3
ξ = τdrive−τloadð Þ ð28Þ
The total time for 120° mechanical step is
tmech ¼ tfluct þ trotat ð29Þ
Among the total time, the times for 40° and 80° substeps are
tmech40° ¼ tfluct40° þ trotat40° ¼ T=P30° þ
2π
9
ξ = τdrive−τloadð Þ ð30 aÞ
tmech80° ¼ tfluct80° þ trotat80° ¼ T=P80° þ
4π
9
ξ = τdrive−τloadð Þ ð30 bÞ
6. Kinetics of ATP hydrolysis by F1-ATPase
The trisite E1E2 model for ATP synthesis and hydrolysis by F1-
ATPase has been presented (Gao et al., 2005) [10]. From themodel, the
kinetic equations corresponding to ATP hydrolysis have the following
form
d E1T½ =dt ¼ kT E1½  T½  þ ks E2DP½ − k−T þ khð Þ E1T½  ð31Þ
d E2DP½ =dt ¼ kD E2P½  D½  þ kh E1T½ − k−D þ ksð Þ E2DP½  ð32Þ
d E2P½ =dt ¼ kP P½  E2½  þ k−D E2DP½ − k−P þ kD D½ ð Þ E2P½  ð33Þ
d E1½ =dt ¼ k−T E1T½  þ k0h E2½ − k0s þ kT T½ ð Þ E1½  ð34Þ
d E2½ =dt ¼ k0s E1½  þ k−P E2½ − kP P½  þ k0hð Þ E2½  ð35Þ
E1½  þ E2½  þ E2DP½  þ E1T½  þ E2P½  ¼ E0½  ð36Þ
where [E0] is the total concentration of the F0F1-ATP synthase, [E1],
[E2], [E2DP], [E1T] and [E2P] are concentrations of the F0F1-ATP synthase
corresponding ﬁve different states, respectively; [T], [D] and [P] are
concentrations of ATP, ADP and Pi, respectively; kh and ks are the rates
of 80° rotation of the F1-ATPase, kh′ and ks′ are the rate of 40° rotation of
the F1-ATPase (here subscript h is for hydrolysis direction and s for
synthesis direction); kx is the binding rate constant for species x at a
given binding site, k−x is the corresponding dissociation rate constant
(x=T, D or P).
The steady-state approximation is applied to Eqs. (31)–(35), the
rate Vhyd of ATP hydrolysis can be obtained
1
Vhyd
¼ 1
kh
þ 1
k0h
þ 1
kT T½  þ
1
k−D
þ 1
k−P
þ 1
k−P
kD D½ 
k−D
þ 1
k0h
kP P½ 
k−P
1þ kD D½ 
k−D
 
ð37Þ
In the rate equation of Gao et al. [10], the rate constant kh′ was
estimated from test result and kh is considered to be identical to the
kh′. The test was done under no load torque and small friction torque,
and the rate constant kh′ is quite large. Hence, the time for mechanicalstep is quite short and was neglected. Gao et al.'s equations are quite
effective under conditions where the load is small and the reaction is
heavily biased toward either ATP hydrolysis or synthesis direction
such that the binding of reactions or the release of products is the rate-
limiting step. However, if the friction torque or the load torque is not
small, the times for mechanical steps are no longer short and should
be considered. Hence, the mechanical steps neglected by Gao et al. are
considered in Eq. (37) and the equations of calculating times for the
mechanical steps are given. In order to determine the rotation rate of
the γ subunit, the kinetic equations are combined with mechanic
equations for the F1-motor. The Author ﬁnds that rate constant kh′ is
different from the kh.
Let t1/3 denote a 120° rotation time of the γ subunit, from Eq. (37)
ones obtain
t1=3 ¼ tmech þ treac þ tcoup ð38Þ
where tmech is the time of the γ subunit for 120° mechanical step,
tmech ¼ 1kh þ
1
kh 0, it consists of 80° and 40°mechanical substep times; here,
tmech80° ¼ 1kh and tmech40° ¼
1
kh 0, they can be calculated from mechanic
equations. treac is the reaction time of ATPase, treac ¼ 1kT T½  þ 1k−D þ
1
k−P
þ 1k−P
k−D D½ 
k−D
, it consists of binding time of ATP tT ¼ 1kT T½ 
 
, dissociation
time of ADP t−D ¼ 1k−D
 
, dissociation time of Pi t−P ¼ 1k−P
 
, and the
coupled time of ADP and Pi dissociation tPD ¼ 1k−P
kD D½ 
k−D
 
. tcoup is the
coupled time of the γ subunit rotation and ADP, Pi dissociation,
tcoup ¼ 1kh 0
kP P½ 
k−P
1þ kD D½ k−D
 
. The equation shows that the ADP, Pi dissocia-
tion is coupled with the 40° mechanical substep partially. When 40°
mechanical substep begins, theADP, Pi dissociation substep has not been
completed yet.
Thus, the rotation rate of the γ subunit can be given as
f ¼ 1
3t1=3
ð39Þ
7. Results and discussions
7.1. The effects of ATP
The rotation rate of the γ subunit as a function of ATP concentration
is investigated. The simulation is done for the F1-ATPase to which a
bead of 40-nmdiameter is attached. The cellular concentrations of ADP
and Pi are used ([ADP]=0.3 mM, [P]=6 mM). The concentration of ATP
is taken from 20 nM to 4 mM. The other parameter values are given in
Appendix. The friction drag coefﬁcient is calculated by ξ=8πηr3+
6πηy2, here r is the bead radius, η(10−9pNsnm−2) is thewater viscosity,
y is the distance of the bead center from rotation axis. Fig. 2 shows the
effects of ATP concentration on the rotation rate, Table 1 shows times
for the substeps. From them, we know: at high ATP concentration
(≥1mM), the rotation rate is independent from the ATP concentration,
Table 1
ATP dependence of the rotating time (ms, 40-nm beads)
[ATP] tT t−D t−P tPD treac tﬂuct trotat tmech
4 mM 0.014 1.67 0.5 0.125 2.31 0.19 0.07 0.26
2 mM 0.028 1.67 0.5 0.125 2.32 0.19 0.07 0.26
1 mM 0.056 1.67 0.5 0.125 2.35 0.19 0.07 0.26
0.1 mM 0.56 1.67 0.5 0.125 2.855 0.19 0.07 0.26
0.02 mM 2.8 1.67 0.5 0.125 5.095 0.19 0.07 0.26
0.01 mM 5.6 1.67 0.5 0.125 7.895 0.19 0.07 0.26
2 μM 28 1.67 0.5 0.125 30.295 0.19 0.07 0.26
1 μM 56 1.67 0.5 0.125 58.295 0.19 0.07 0.26
200 nM 280 1.67 0.5 0.125 282.295 0.19 0.07 0.26
60 nM 933.33 1.67 0.5 0.125 935.625 0.19 0.07 0.26
20 nM 2800 1.67 0.5 0.125 2802.295 0.19 0.07 0.26
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(≤2 μM), the rotation rate is proportional to the ATP concentration. The
results are consistent with the tests from Yasuda et al. (2001).
Moreover, some new insight about the F1motor can be given as below:
Without load torque, the time of the chemical reaction steps is
much longer than that of the mechanical steps. For the F1-ATPasewith
a bead of 40-nm diameter, the time for mechanical step per 120°
rotation is 0.26 ms. It consists of ﬂuctuating time and jumping time. It
is independent from the ATP concentration and the instantaneous rate
formechanical steps is about 1280 rps. Under no load torque and small
friction torque, the time for mechanical step can be neglected. It
corresponds to a reaction-limited situation.
7.2. Friction-load dependence of the rotation rate
The rotation rate of the γ subunit as a function of the length of the
actin ﬁlament attached is investigated. The friction drag coefﬁcient
can be calculated by ξ ¼ 4π3 ηL
3
ln L=2rð Þ−0:447, here L is the length of the actin
ﬁlament, r (5 nm) is the radius of the ﬁlament. The simulation is
compared with the tests from Yasuda et al. (see Fig. 3). Fig. 3 shows
that the model can reproduce the experimental observations from
Yasuda et al. The results are explained as below:
At high ATP concentrations, the rotation rate drops obviously with
the ﬁlament length (here, ATP binding time is quite short). It
corresponds to a friction-limited situation. At low ATP concentrations,
the rotation rate of the γ subunit drops quite slowly with the ﬁlament
length (here, the rotation rate is so small that the friction torque is
quite small whether the friction drag coefﬁcient is large or small). It
corresponds to the reaction-limited situation. At moderate ATP
concentrations, ATP binding time is the same order of magnitude asFig. 3. The average rotation rate versus the length of the actin ﬁlamthe rotation time of the γ subunit. It corresponds to a reaction–friction
limited situation.
7.3. Load torque dependence of the rotation rate
The rotation rate as a function of the load torque is investigated
(see Fig. 4). It is known: As load torque increases, the rotation rates
drop under different ATP concentrations. At 45 pN nm, the rotation
rates drop to zero. If the load torque is negative, the rotation is
accelerated by assisting torque. These results are consistent with the
experimental results from Watanabe-Nakayama, T., et al., 2008 [24].
Based our model, the results can be explained as below:
(1) At high ATP concentrations, the rotation rate drops with
positive load torque and grows with negative load torque
obviously. It is because ATP binding time is short and it
corresponds to a load torque-limited situation. Here, the
jumping time of the F1-ATPase from one potential well to
another well changes with load torque obviously.
(2) At low ATP concentrations, the effects of the load torque on the
rotation rate are small. It is because ATP binding time is much
longer than jumping time of the F1-ATPase from one potential
well to another. It corresponds to the reaction-limited situation.
7.4. Several rate-limited situations
From above analysis, we know that the rotations of the γ subunit
can be classiﬁed into following several rate-limited situations:
(1) Reaction-limited situation
It occurs under no load torque and small friction torque. Three sub-
situations (ATP binding-limited situation, ADP and Pi release-limited
one, and ATP binding-ADP and Pi release-limited one) may all occur. It
depends on ATP concentration which sub-situation occurs.
(2) Friction-limited situation
It occurs under small load torque, high ATP concentration and non-
small friction torque. Here, the times for other substeps are all much
shorter than that for jumping of the γ subunit from one potential well
to another. The jumping of the γ subunit becomes rate-limited step.
(3) Load-limited situation
It occurs under small friction torque, high ATP concentration and
non-small load torque. Here, the ﬂuctuating of the γ subunit within
potential well becomes rate-limited step.ent (a) Test results from Yasuda et al. (b) Simulation results.
Fig. 4. Changes of the rotation rate with load torque.
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It occurs under small load torque, moderate ATP concentration and
non-small friction torque. Here, both subunit jumping and ATP
binding decide the rotation rate.
(5) Load–reaction-limited situation
It occurs under non-small load torque, moderate ATP concentra-
tion and small friction torque. Here, both subunit ﬂuctuating and ATP
binding decide the rotation rate.
(6) Friction–load-limited situation
It occurs under non-small load torque, high ATP concentration and
non-small friction torque. Here, both subunit jumping and its
ﬂuctuating decide the rotation rate.
(7) Friction–reaction–load-limited situation
It occurs under non-small load torque, moderate ATP concentra-
tion and non-small friction torque. Here, ATP binding together with
subunit jumping and its ﬂuctuating decide the rotation rate.
7.5. Substeps of 80° and 40°
7.5.1. Simulation and analysis for experimental results from Yasuda et al
Time course of the rotation of the γ subunit is investigated. The
simulation was done for the F1-ATPase to which a bead of 40-nm
diameter is attached (see Fig. 5). The ﬁgure shows: At all ATP
concentrations, the rotations are stepwise. At 2 mM ATP, only 120°
steps are seen, whereas at 20 μM ATP or 2 μM ATP, the 120° step isFig. 5. Time course of the γ subunit rotation (a) The average angle displacements offurther split into 80° and 40° substeps. The red horizontal lines are 0°
dwell lines, the blue lines are 80° dwell lines. The 80° dwell times are
all about 2.3 ms at all ATP concentrations, the 0° dwell times are about
0 ms at 2 mM ATP, 2.8 ms At 20 μM ATP and 28 ms at 2 μM ATP,
respectively. It is similar to the experimental results from Yasuda et al.
(2001). Moreover, some new insight about the time course about the
rotation of the γ subunit can be obtained from our model:
(1) The γ subunit progresses stepwise, each step corresponds to an
escape of the γ subunit from a potential well. Six potential
wells are tunneled per rotation. In each potential well, the γ
subunit oscillates stochastically as shown in Fig. 5(b).
(2) The 0° dwell and the 80° dwell correspond to the 80° potential
well and 40° potential well of the γ subunit within the α3β3
hexamer, respectively.
(3) During the 0° dwell, F1 waits for the arrival of ATP and the γ
subunit waves stochastically within 80° potential well. The
stochastic wave is without shift. As soon as ATP arrives, the
driving potential caused by the conformational changes of the
β subunit will be applied to γ subunit. The shift of the average
wave position of the γ subunit will occur. The stochastic wave
with shift will cause the γ subunit to jump from 80° potential
well to 40° potential well.
(4) During the 80° dwell, F1 waits for the release of ADP and Pi, the
γ subunit waves stochastically within the 40° potential well
(without shift). As soon as the releases of the ADP and Pi are
completed, the driving potential will be applied to γ subunit.
The stochastic wave with shift will cause the γ subunit to jump
from the 40° potential well to the next 80° potential well.
(5) Whether 0° dwell time or 80° dwell time can be split into two
parts: ﬂuctuating time without shift (chemical step time) and
ﬂuctuating time with shift (mechanical step time). The
ﬂuctuating time with shift is quite short within the 40°
potential well, so the 80° dwell time equals the release time
of ADP and Pi approximately. However, the ﬂuctuating time
with shift is not short within the 80° potential well, so the 0°
dwell time equals ATP binding time plus ﬂuctuating time with
shift.
(6) The steps correspond to jump of the γ subunit from one
potential well to another. It gives themechanism of stepping for
the γ subunit rotation. Under small friction torque, the jumping
time of the γ subunit is quite short and the step character of the
rotation occurs. For the F1-ATPase with a bead of 40-nm
diameter, the jumping time is 0.07 ms (0.03 ms for 40° step and
0.04 ms for 80° step) and the rotations look stepwise at all ATP
concentrations.
(7) At 20 μM ATP, the 0° dwell time (2.8 ms) is the same order of
magnitude as the 80° dwell time (2.3 ms). It is because ATPthe γ subunit (b) The stochastic wave of the γ subunit within the potential well.
Fig. 7. The relative errors of the rotation rates neglecting tcoup.
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of the ADP and Pi. At 2mMATP, only 120° steps occur. Here, ATP
binding time is 0.028 ms. The 0° dwells cannot be detected and
only 120° steps are seen. The release of the ADP and Pi is the
rate-limited step. At 2 μM ATP, 80° dwell time is as above, 0°
dwell time increases. ATP binding becomes the main rate-
limited step.
(8) The 0° dwell time (2.3 ms) includes ADP release time (1.67 ms),
Pi release time (0.5 ms) and the coupled time (0.125 ms) of the
two release steps. The coupled time means that the Pi release
begins before the ADP release is completed.
7.5.2. Effects of the friction and load on the substeps
In order to investigate effects of the friction on substeps, time
course of the rotation of the γ subunit with an actin ﬁlament of 1 μm
length is simulated (see Fig. 6(a)). It shows:
The steps of the γ subunit motion are all smoothed out at all ATP
concentrations. It is because the friction torque impedes jumping of
the γ subunit from one potential well to another and the jumping
time is prolonged. The jumping time is identical at all ATP
concentrations. The 0° dwell and 80° dwell times are not inﬂuenced
by the friction torque.
In order to investigate effects of the load torque on substeps, time
course of the rotation of the γ subunit with 20 pN nm load torque is
simulated (see Fig. 6(b)). It shows:
With load torque, the 0° dwell time is prolonged obviously and 80°
dwell time does not change nearly compared to times without load
torque. Here, both 80° and 40° substeps occur at 2 mM ATP.
7.6. Effects of the chemomechanic coupling
Equation tcoup ¼ 1kh 0
kP P½ 
k−P
1þ kD D½ k−D
 
shows that the release steps of
ADP and Pi are coupled to the 40° rotation step partially. The tmech40°
includes ﬂuctuating time tﬂuct40° and jumping time trotat40°. As above
stated, tﬂuct40° can be neglected and trotat40° is dependent on theFig. 6. Time course of the subunit rotation (a) with 1 μm actin ﬁlament under no load
torque (b) without actin ﬁlament under 20 pN nm load torque.friction torque. When the friction torque is not small, the trotat40°
becomes long and the coupled time of the jumping and products
release should be considered. For different lengths of the actin
ﬁlament, the relative errors of the rotation rate neglecting the
chemomechanic coupling are analyzed (see Fig. 7). It shows:
(1) Under small friction torque, the relative errors of the rotation
rate neglecting coupled time are small. The errors grow with
the ﬁlament length because jumping time from the 40°
potential well to the 80° potential well grows.
(2) The errors grow with ATP concentration because ATP binding
time drops with ATP concentration and the ratio of the coupled
time to the total time grows.
(3) At high ATP concentrations, the errors grow obviously with the
length under small ﬁlament length and grow slowly with the
length under large ﬁlament length. At low ATP concentrations,
the errors grow slowly with the length under small ﬁlament
length and grow obviously with the length under large ﬁlament
length.
(4) The maximum error is about 2%. It occurs at the highest ATP
concentration and the largest length of the actin ﬁlament.
Hence, the chemomechanic coupled time can be neglected
under normal situations.
7.7. Effects of the truncated the gamma stalk on the motion of the f1
motor
Recently, the Kinosita group investigated effects of the truncated
the gamma stalk on the motion of the F1 motor. The results show that
All truncationmutants rotated in the correct direction, but the average
rotary speeds were low and short mutants exhibited moments of
irregular motion [26]. Using ourmodel, above results can be explained
as below:
(1) The Author proposed that six potential wells exist between
subunits γ and α3β3,; and the potential wells are caused by
electrostatic interaction between β and γ subunits. The γ
subunit is considered as an elastic shaft and the γ protrusion is
considered as the second moment. The distance from the
potential well center to the center of the second moment is l
(see Fig. 1). Thus, the γ subunit truncated corresponds to
reduction of the length l in our model.
(2) When the γ subunit was truncated, the electrostatic interaction
between β and γ subunits is weaken and the stiffness of the
potential wells is reduced. It favors increase of the rotation rate
of the F1 motor. However, reduction of the length l can also
cause decrease of the wave amplitude of the γ subunits
obviously which can cause obvious decrease of the rotation
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rotation rate are larger than those of the stiffness of the
potential wells. Therefore, the average rotary rates of the motor
were reduced with shortening the γ subunit. Simulation shows
that the rotation rate is reduced by 25% when the γ subunit is
truncated by 10% of its length, and the rotation rate is reduced
by 80% when the γ subunit is truncated by 35% of its length.
The reduction of the rotation rate for the F1motormeans decrease of
the escape probability of the γ shaft from the potential well antic-
lockwise. Thus, the escape probability of the γ shaft clockwise becomes
larger than that before mutants were truncated, so the irregular
motions and backward steps of the F1 motor occur more frequently.
8. Conclusions
In this paper, a chemomechanic coupled model of the F1 motor is
presented. The mechanic equations and the chemical reaction kinetic
equations can be resolved independently, and the times for mechan-
ical and chemical substeps can be determined easily. A stochastic
wave mechanics of the F1-ATPase motor is proposed. The γ subunit is
considered as an elastic continuous body vibrating stochastically
under thermal excitation due to environment. The dynamic equations
and the static balance equations of the motor are deduced. The
concepts of the balances within and outside potential well are
proposed. The structure-based kinetic model for F1-ATPase is
extended and the mechanical steps are addressed. The model can
reproduce quantitatively and explain the experimental observations
about the F1 motor. Moreover, many novel insights and predictions are
presented, such as the stochastic wave concept of the F1 motor, several
rate-limited situations about the motor rotation, the chemomechanic
coupled time during ATP hydrolysis, mechanical substep including
two parts, and chemical substep including three parts, etc. This novel
conceptual model can give deeper understanding for the motor
performance and supply reference for investigating other rotary
molecular motors.
Appendix A. Parameter values used in simulations
These parameters are determined as below:
(1) Tests fromYasuda et al. show that rate constant kT=2.7×107M−1
s−1 at 20 nM ATP and kT=2.2×107 M−1 s−1 at 60 nM ATP, the
average rate constant is 1.5×107 M−1 s−1 from 20 nM ATP to
2 mM ATP (1998) [9], and kT=(2.6±0.5)×107 M−1 s−1(2001) [8].
Analysis based on our model shows that the rate constant kT is
independent from ATP concentration, the difference of the rate
constants under different ATP concentrations are caused by
mechanical steps. At low ATP, the ratio of the time for
mechanical step to times for chemical steps is smaller than
that at high ATP. Hence, the measured rate constant kT at 20 nM
ATP is larger than that at the 60 nM ATP. Therefore, the Author
takes the rate constant kT=1.8×107M−1 s−1 which is close to
above test values but independent from ATP concentration.
Kinetic parameters kD and kP are taken from Gao et al. (2005)
[10], k−D and k−P are taken from Ming et al. (2004) [12]. The
sizes of the γ subunit and the γ protrusion are taken from
Stock et al. [22].
(2) Shear modulus of elasticity for the γ subunit has not been
measured yet. It is just estimated on the base of available
experimental data for other types of biologic elements. The γ
subunit consists of a left-handedα-helical coiled coil formed by
a shorter N-terminal helix and a longer C-terminal helix. The
structure is similar to DNA which has a form of right handed
double helix. Both diameter of the γ subunit and DNA diameter
are about 2 nm. Hence, shear modulus of elasticity for the γ
subunit can be estimated based on the experimental data forDNA. The experimental values for DNA Young's module are
from 1.57×108 N/m2 to 6.07×108 N/m2(Michael, 2005) [25]. As
the γ subunit consists of a shorter helix and a longer helix
which are non-concentric, its Young's module should be a bit
smaller than that of DNA. Therefore, the Author has taken the
Young's module (1.0×108 N/m2) of the γ subunit to be a bit
smaller than low limit (1.57×108 N/m2) of DNAYoung'smodule.
Thus, its shear modulus of elasticity is taken as 5×107 N/m2
which is close to estimation of Rumberg et al. (1999) [17].
(3) Fig. 5 of Yasuda et al. (2001) shows the probability density
peaks of ﬁnding the γ subunit at some angle. Using our model
and the Fig. 5 of Yasuda et al., the stiffness k of potential well
can be determined. From our model, The Author ﬁnds that
stiffness of potential well decides the root-mean-square error
σθ of the wave for the γ subunit within potential well under
condition that other parameters are certain. The root-mean-
square error σθ decides the probability density curve of the γ
subunit. Hence, the stiffness k of potential well can be
determined from Fig. 5 of Yasuda et al. At low ATP concentra-
tions, the times for the γ subunit waving within the potential
well are longer and the measure accuracy is higher. Hence, the
stiffness k is determined from Figs. 5(e) and (f) of Yasuda et al.
Using our model, six stiffnesses are determined from six
probability density peaks corresponding to 0° dwell lines in
Figs. 5(e) and (f) of Yasuda et al. The average value (225 pN nm/
rad) of the six stiffnesses is used in the investigation.
Parameter values used in simulationsParameter ValueLength of the γ subunit (l) 7.5 nm
Radius of the γ subunit 1.25 nm
Radius of the γ protrusion 2.75 nm
Height of the γ protrusion 5 nm
Shear modulus of elasticity (G) 5×107 N/m2Stiffness of potential well (k) 225 pN nm/rad
Density of the protein (ρ) 1000 kg/m3Binding rate constant for ATP (kT) 1.8×107M−1 s−1Binding rate constant for ADP (kD) 5×105M−1 s−1Binding rate constant for Pi (kP) 2×104M−1 s−1Dissociation rate constant for ADP (k−D) 6×102 s−1Dissociation rate constant for Pi (k−P) 2×103 s−1References
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